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We consider an optomechanical cavity with a movable end-mirror as a quantum mechanical oscillator (MO)
containing an interacting cigar-shaped Bose-Eisenstein condensate (BEC). It is assumed that both the MO and
the BEC interact with the radiation pressure of the cavity field in the red-detuned and weak coupling regimes
while the two-body atomic collisions frequency of the BEC and the mechanical spring coefficient of the MO
are coherently modulated. By analyzing the scattering matrix we find that a frequency-dependent squeezing is
induced to the three subsystems only due to the coherent modulations. In the largely different cooperativities
regime together with strong modulations, the mechanical mode of the MO and the Bogoliubov mode of the BEC
exhibit quadrature squeezing which can surpass the so-called 3dB limit (up to 75 dB) with high robustness to
the thermal noises. Surprisingly, in this regime by controlling the system and modulation parameters, a very
high degree of squeezing (up to 16 dB) together with high purity of quantum state for the output cavity field is
achievable. Furthermore, one can attain simultaneous strong quantum amplification, added-noise suppression,
and controllable gain-bandwidth for the complementary quadratures of squeezed ones in the subsystems.
I. INTRODUCTION
Over the past decade, there has been a significant theoret-
ical and experimental progress in the field of quantum op-
tomechanics which deals with linear or quadratic coupling of
the electromagnetic radiation pressure to a mechanical oscil-
lator (MO) [1–4]. Quantum optomechanical systems (OMSs)
have had a remarkable contribution to the emergence of quan-
tum behaviors on macroscopic scales and have made a signif-
icant contribution in probing fundamentals of physics. OMSs
have many practical applications such as displacement and
force sensing [5–9], ground-state cooling of the MO [10–13],
generation of entanglement [14–16], synchronization of MOs
[17–21] and generation of nonclassical states of the mechan-
ical and optical modes [22–26]. Very recently, OMSs have
been proposed for the realization of the parametric-dynamical
Casimir effect (P-DCE) [27–30] and the quantum simulation
of the curved space-times [31].
Among various applications of OMSs, quantum amplifica-
tion [32–35] and generation of squeezing [36–38] have been
very attractive fields of research in the realm of quantum op-
tics over the recent years. In addition to the standard pon-
deromotive squeezing [1, 39, 40] and more recently proposed
method of dissipative-squeezing [41] and also methods of
Refs. [32–37], there is a well-known method based on the
modulation technique to achieve the quadrature squeezing in
OMSs [28, 29, 42–47] which at best, can lead to 50% noise
reduction below the zero-point level (the so-called 3 dB limit).
Nevertheless, noise reduction much below the standard quan-
tum limit (SQL) is also achievable by parametrically modu-
lating the spring constant of the MO in a bare optomechanical
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cavity [48]. As has been shown in Ref. [48] through the men-
tioned modulation method the system can also act as an opti-
cal quantum amplifier. Besides, there are some methods based
on the feedback process [49], quantum measurement [50, 51],
and quadratic optomechanical coupling (QOC) [52–55] in or-
der to surpass and beat the 3dB limit. Also, very recently,
it has been shown [56] that the modulation of the amplitude
of the driving laser in an optomechanical cavity containing an
optical parametric amplifier can generate two-fold mechanical
squeezing beyond the SQL.
On the other hand, hybrid OMSs assisted with trapped
Bose-Einstein condensates (BECs) [58–60] or ultra cold
atoms integrated in an atom chip [57] in which the fluctuations
in the collective excitations of the atoms, i.e., the so-called
Bogoliubov mode, plays the role of an effective mechanical
mode while the nonlinear atom-atom interaction plays the role
of an atomic amplifier [61–63], have attracted considerable at-
tention to a number of studies such as normal mode splitting
(NMS) [64], noise reduction [65, 66], and controlling bista-
bility, cooling, and bipartite entanglement [67–70]. Moreover,
very recently, it has been shown [55] that through the effect of
the QOC in the OMS assisted with the BEC, one can achieve
a considerable degree of squeezing (up to 10 dB) in the me-
chanical mode and a strong stationary entanglement between
the mechanical and atomic modes.
Motivated by the above-mentioned studies as well as in-
spired by the proposed scheme of Ref. [48], in the present
paper we are going to investigate a hybrid optomechanical
system as a quantum linear amplifier/squeezer with an extra
degree of freedom (the Bogoliubov mode of the BEC) in addi-
tion to the mechanical mode of the MO in which both the me-
chanical spring coefficient of the MO and the two-body atomic
collisions frequency of the BEC are coherently modulated.
The advantage of the present hybrid system in comparison to
the bare one presented in Ref. [48] is that the presence of the
extra Bogoliubov mode of the BEC which have much more
controllability with respect to the mechanical mode of the
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2MO, can lead to a considerable enhancement of the squeez-
ing and amplification in both the mechanical and the optical
modes.
On the other hand, we have shown in a very recent work
[30] that the parametric modulations of the mechanical and
atomic modes in such a hybrid system can lead to the realiza-
tion of the parametric DCE of photons and phonons. However,
in the present paper we investigate some other features of the
system, including controllable realization of strong quadrature
squeezing together with complementary-quadrature amplifi-
cation, added-noise suppression, and controllable increasing
of the gain-bandwidth. In other words, we study the system
as a controllable optomechanical squeezer/amplifier.
Here, by determining the quadratures spectra with use of
the scattering-matrix method we find that in the so-called
regime of largely different cooperativities high degrees of
quadrature squeezing for both the output cavity field (up to 16
dB) and phonon modes (up to 75 dB ) can be achieved through
the modulation of the atomic collisions frequency and the me-
chanical spring coefficient. Such high degrees of quadratures
squeezing are originated from a frequency-dependent squeez-
ing effect induced to the cavity field, the MO, and the BEC.
Besides, It is shown that the complementary quadratures of
squeezed ones, can be strongly amplified in the large driv-
ing regime where the added noises can be strongly suppressed
simultaneously. In this situation the system behaves as a
noiseless phase-sensitive amplifier. Furthermore, their gain-
bandwidth can be externally controlled by adjusting the am-
plitudes of modulations and atomic collisions frequency.
The paper is organized as follows. In Sec. II, we de-
scribe the physical system and its effective Hamiltonian.
In Sec. III, by solving the quantum Langevin equations
in frequency space we find the self-energies and induced-
parametric squeezing coefficients. In Sec. IV we investigate
the quadratures amplification spectra and the gain-bandwith
using the scattering matrix method. In Sec. V by calculat-
ing the quadratures squeezing spectra we discuss how one can
achieve high degrees of quadrature squeezing for both photon
and phonon modes. Finally, we summarize our conclusions in
Sec. VI
II. THE SYSTEM HAMILTONIAN
As shown in Fig. (1), we consider a red-detuned driven
hybrid optomechanical cavity with length L whose end mir-
ror with effective mass m and damping rate γm is free to os-
cillate at mechanical frequency ωm. The cavity contains a
cigar-shaped BEC of N ultracold two-level atoms with mass
ma and transition frequency ωa. The cavity is driven at rate
EL =
√
κPL/~ωL through the fixed mirror by a laser with fre-
quency ωL and wavenumber k0 = ωL/c (PL is the laser power
and κ is the cavity decay rate).
We assume that the MO is parametrically driven by mod-
ulating its spring coefficient at twice its natural frequency
[30, 48], i.e., k(t) = k+ δk cos(2ωmt+φm) (φm being the phase
of external modulation). Under these assumptions, the total
Hamiltonian of the system in the frame rotating at laser fre-
m, mm 
2 m
( ) (2 )m mk t k kcos t    

BEC
,L LP 
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L
†ˆ ˆˆ ( )zpx x b b 
( ) (1 (2 ))sw sw d dt cos t      
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FIG. 1. (Color online) Schematic of an atomic BEC-hybridized red-
detuned driven optomechanical cavity with a movable end mirror
whose mechanical spring coefficient, k(t), and the atomic collisions
frequency, ωsw(t), are modulated parametrically. κ, γm and γd are the
cavity, the mechanical and Bogoliubov damping rates, respectively.
quency is given by
Hˆ = Hˆ0 + Hˆom + Hˆm(t) + i~EL(aˆ − aˆ†) + HˆBEC(t). (1)
The first term in Eq. (1) describes the free Hamiltonian of the
cavity field and the MO, the second term describes the op-
tomechanical interaction, and the third term corresponds to
the mechanical parametric drive whose explicit forms are, re-
spectively, given by
Hˆ0 = ~∆caˆ†aˆ + ~ωmbˆ†bˆ, (2a)
Hˆom = −~g0aˆ†aˆ(bˆ + bˆ†), (2b)
Hm(t) =
i~
2
(λmbˆ†2e−2iωmt − λ∗mbˆ2e2iωmt), (2c)
where aˆ (bˆ) is the annihilation operator of the cavity (me-
chanical) mode, ∆c = ωc − ωL is the detuning of the cavity
mode from the driving laser frequency, and g0 = xzpωc/L
stands for the single-photon optomechanical coupling with
xzp =
√
~/2mωm being the mechanical zero-point position
fluctuation. Besides, λm = |λm|eiφm characterizes the strength
and phase of the mechanical parametric driving with |λm| =
δkx2zp/2~, which can be taken real by fixing the phase of mod-
ulation φm. Note that the Hamiltonian of Eq. (2c) describes the
mechanical phonon analog of the degenerate parametric am-
plification (DPA) where the vibrational fluctuation of the MO
plays the role of the signal mode in the DPA. In Ref. [30], it
has been shown that such a phonon analog of DPA leads to
the amplification of quantum vacuum fluctuations of the MO,
i.e., the DCE of mechanical phonons.
The last term in Eq. (1) describes the many-body Hamil-
tonian of the BEC in the framework of second quantization
[67–70]. In the dispersive regime of atom-field interaction
where the laser pump is far-detuned from the atomic reso-
nance (∆a = ωa − ωL  Γa where Γa is the atomic linewidth)
the Hamiltonian of the BEC can be written as [71]
HˆBEC =
∫ L/2
−L/2
dxψˆ†(x)
[−~2
2ma
d2
dx2
,
+~U0 cos2(k0x)aˆ†aˆ +
1
2
Usψˆ†(x)ψˆ†(x)
]
ψˆ(x), (3)
where ψˆ(x) is the annihilation operator of the atomic field,
U0 = −g2a/∆a is the optical lattice barrier height per photon
3which represents the atomic backaction on the field in the dis-
persive regime, ga is the vacuum Rabi frequency or atom-field
coupling constant, Us = 4pi~2as/ma, and as is the two-body
s-wave scattering length [71, 72]. In the weakly interacting
regime [61], and under the Bogoliubov approximation [73]
the atomic field operator can be expanded as the following
single-mode quantum field
ψˆ(x) =
√
N/L +
√
2/L cos(2k0x)dˆ, (4)
where the so-called Bogoliubov mode dˆ corresponds to the
quantum fluctuations of the atomic field around the classical
condensate mode
√
N/L.
On the other hand, as has been shown in Ref. [74], the time
modulation of the s-wave scattering frequency of atom-atom
interaction, ωsw, can be realized by the time modulation of the
scattering length via the modulation of the electromagnetic
trap, or the modulation of the density of the BEC by chang-
ing the trap stiffness via the intensity modulation of the pump
laser. Now, considering the time modulation of the s-wave
scattering frequency as ωsw(t) = ωsw
(
1 +  cos(2ωdt + φd)
)
where  and φd refer, respectively, to the amplitude and the
phase of modulation, ωd = 4ωR + ωsw with ωR = ~k20/2ma
being the recoil frequency and ωsw = 8pi~Nas/(maLw2) (w
is the waist radius of the optical mode), the Hamiltonian of
the modulated BEC within the rotating wave approximation
(RWA) can be written as [30]
HˆBEC = ~δ0aˆ†aˆ + ~ωddˆ†dˆ + ~G0aˆ†aˆ(dˆ + dˆ†) +Hˆsw(t), (5a)
Hˆsw(t) =
i~
2
(λddˆ†2e−2iωd t − λ∗ddˆ2e2iωd t), (5b)
where δ0 = NU0/2 and λd = −iωswe−iφd/4 can be taken real
by fixing the phase φd. Furthermore, G0 =
√
2NU0/4 is the
strength of an optomechanical-like coupling between the Bo-
goliubov mode of the BEC and the intracavity field . The
first term of the Hamiltonian of Eq. (5a) leads to a shift of the
cavity detuning,i.e., ∆c → ∆0 = ∆c + NU0/2 which can be
interpreted as an effective Stark-shifted detuning.
III. DYNAMICS OF THE SYSTEM
Here, we investigate the dynamics of the system under
the conditions that the frequency of the Bogoliubov mode of
the BEC, ωd, can be matched to the mechanical frequency
(ωd ≈ ωm) via the atomic collisions frequency ωsw or through
the recoil frequencyωR via the driving laser frequency. There-
fore, we restrict ourselves to the red-detuned regime of cavity
optomechanics where ∆0 ≈ ωm ≈ ωd. In this regime and
within the RWA where the BEC-cavity mode as well as the
MO-cavity mode couplings are analogous to the beam-splitter
interaction, the linearized QLEs describing the dynamics of
the quantum fluctuations are given by [30]
δ ˙ˆa = − κ
2
δaˆ + igδbˆ − iGδdˆ + √κaˆin, (6a)
δ ˙ˆb = −γm
2
δbˆ + igδaˆ + λmδbˆ† +
√
γmbˆin, (6b)
δ ˙ˆd = −γd
2
δdˆ − iGδaˆ + λdδdˆ† + √γddˆin, (6c)
where g = g0a¯ and G = G0a¯ are, respectively, the enhanced-
optomechanical coupling strengths of the moving mirror and
the Bogoliubov mode of the BEC to the intracavity field with
a¯ being the optical mean-field value. Furthermore, γm and γd
denote the dissipation rates of the mechanical and the Bogoli-
ubov modes, respectively.
According to Eqs.(6a)-(6c), three noise operators affect the
system: the optical input vacuum noise, ain, and the thermal
Brownian noise operators bin and din acting, respectively, on
the MO and the Bogoliubov mode of the BEC. These noises
which are assumed to be uncorrelated for the different modes
of both the matter and light fields, satisfy the Markovian cor-
relation functions [80, 81] 〈aˆin(t)aˆ†in(t′)〉 = (n¯Ta + 1)δ(t − t′),
〈aˆ†in(t)aˆin(t′)〉 = n¯Ta δ(t − t′), 〈bˆin(t)bˆ†in(t′)〉 = (n¯Tm + 1)δ(t − t′),
〈bˆ†in(t)bˆin(t′)〉 = n¯Tmδ(t−t′), 〈dˆin(t)dˆ†in(t′)〉 = (n¯Td +1)δ(t−t′), and
〈dˆ†in(t)dˆin(t′)〉 = n¯Td δ(t − t′) where n¯Tj = [exp(~ω j/kBT j) − 1]−1
with j = a,m, d are the thermal excitations of the optical, me-
chanical and Bogoliubov modes at temperature T j.
Now, by defining the fluctuation quadratures δXˆo = (δoˆ +
δoˆ†)/
√
2 and δPˆo = (δoˆ − δoˆ†)/
√
2i (o = a, b, d) we can ex-
press the linearized Eqs. (6a)-(6c) in the compact matrix form
as
δ ˙ˆu(t) = A δuˆ(t) + uˆin(t), (7)
where the vector of continuous-variable fluctuation oper-
ators and the corresponding vector of noises are given
by δuˆ = (δXˆa, δPˆa, δXˆb, δPˆb, δXˆd, δPˆd)T and uˆin =
(
√
κXˆina ,
√
κPˆina ,
√
γmXˆinb ,
√
γmPˆinb ,
√
γd Xˆind ,
√
γd Pˆind )
T , respec-
tively. Here, Xˆino = (oˆin + oˆ
†
in)/
√
2 and Pˆino = (oˆin − oˆ†in)/
√
2i
(o = a, b, d). Furthermore, the time-independent drift matrix
A is given by
A=

− κ2 0 0 −g 0 G
0 − κ2 g 0 −G 0
0 −g λm− γm2 0 0 0
g 0 0 −(λm+ γm2 ) 0 0
0 G 0 0 λd − γd2 0−G 0 0 0 0 −(λd+ γd2 )

. (8)
In the following sections we will show how modulation of
the atomic collisions frequency or the mechanical spring coef-
ficient leads to the strong quadrature squeezing of the mechan-
ical and Bogoliubov modes. As has been shown in Ref. [30],
based on the Routh-Hurwitz criterion for the optomechani-
cal stability condition, the modulation parameters λm and λd
should satisfy the condition
λm(d) ≤ λmaxm(d) = γm(d)+Γm(d)op =
γm(d)
2
[
1 + Cm(d)] , (9)
where the maximum optomechanically induced damping rate
is Γm(d)op = −2ImΣb(d)(0) in which the self-energies Σb(d) have
been given by Eqs. (26) of Ref. [30]. Furthermore, Cm(Cd) is
the collective optomechanical cooperativity which is given by
Cm(d) = C0(1)
1 + C1(0) − ξ2d(m)
(1 + C1(0) − ξ2d(m))2 − ξ2d(m)C21(0)
, (10)
where C0 = 4g2/κγm and C1 = 4G2/κγd are, respectively, the
optomechanical and opto-atomic cooperativities, and ξd(m) =
42λd(m)/γd(m) plays the role of an effective dimensionless am-
plitude of modulation.
Before calculating the scattering matrix in the next section
it is worthwhile, here, to consider the solutions of the lin-
earized QLEs [Eqs. (6a)-(6c)] in frequency space which are
given by [30]
−iωδaˆ =−[κ/2+iΣa(ω)]δaˆ+λ˜aδaˆ†+
√
κAˆin(ω), (11a)
−iωδbˆ =−[γm/2−iΣb(ω)]δbˆ+λ˜bδbˆ†+√γmBˆin(ω), (11b)
−iωδdˆ =−[γd/2+iΣd(ω)]δdˆ+λ˜dδdˆ†+√γdDˆin(ω). (11c)
Here, Σo(ω) (o=a,b,d) is the self-energy (given by Eq. (26)
in Ref. [30]), Aˆin, Bˆin, and Dˆin denote the generalized noise
operators (given by Eq. (29) in Ref. [30]), and the in-
duced frequency-dependent parametric amplification coeffi-
cients λ˜o(ω) which are analogous to the gain factors in the
conventional DPA are given by [30]
λ˜a(ω) =
g2λm
(γm/2 − iω)2 − |λm|2 +
G2λd
(γd/2 − iω)2 − |λd |2 , (12a)
λ˜b(ω) = λm + g2
Λ¯s(ω)
[κ/2 − i(ω − Σs(ω))]2 − Λ¯2s(ω)
, (12b)
λ˜d(ω) = λd +G2
Λm(ω)
[κ/2 − i(ω − Σm(ω))]2 − Λ2m(ω)
, (12c)
where the frequency-dependent functions Λ¯s, Λm, Σm and
Σs are given by Eq. (27) in Ref. [30]. As is evident, by
turning on the modulations (i.e., λm,d , 0), the mechanics
and the atomic collisions do indeed mediate a parametric-
amplifier-like effective squeezing interaction for the cavity
mode which is also frequency-dependent (see Eq. (12a)), un-
like the case of the conventional DPA. Furthermore, the time
modulation of the atomic collisions (mechanical mode) in-
duces indirectly the frequency-dependent squeezing through
the second term in Eq. (12b) (Eq. (12c)) to the mechanical
(Bogoliubov) mode. As we will show in the next sections,
such an induced-frequency-dependent squeezing is responsi-
ble for the strong quadrature squeezing in the subsystems.
IV. QUADRATURES AMPLIFICATION SPECTRA
Using the theory of linear quantum amplifiers [75, 76], in
this and the following sections, we investigate the key role
of the coherent modulation processes in the proposed hybrid
optomechanical system as an amplifier/squeezer. For this pur-
pose, it is more convenient to work in the frequency domain.
Writing Eq. (7) in the Fourier space gives
δuˆ(ω) = χ(ω)
√
Γuˆin(ω), (13)
where
√
Γ = Diag(
√
κ,
√
κ,
√
γm,
√
γm,
√
γd,
√
γd) and the
susceptibility matrix is given by
χ(ω)=

χ11(ω) 0 0 χ14(ω) 0 χ16(ω)
0 χ22(ω) χ23(ω) 0 χ25(ω) 0
0 χ32(ω) χ33(ω) 0 χ35(ω) 0
χ41(ω) 0 0 χ44(ω) 0 χ46(ω)
0 χ52(ω) χ53(ω) 0 χ55(ω) 0
χ61(ω) 0 0 χ64(ω) 0 χ66(ω)

, (14)
where the matrix elements χi j(ω) have been given in the Ap-
pendix. In the absence of the BEC (G0 = 0, λd = 0, γd = 0,
and ωsw = 0) χ(ω) reduces to the susceptibility matrix given
in Ref. [48]. Using input-output theory for the field operators,
oˆout = oˆin +
√
γooˆ (o = a,m, d with γa = κ), and going over to
the quadrature basis, one can thus write
uˆout[ω] = s[ω]uˆin[ω], (15)
with the scattering matrix
s[ω] = Iˆ − √Γχ(ω)√Γ, (16)
which can be simplified as
s[ω] =

s11 0 0 s14 0 s16
0 s22 s23 0 s25 0
0 s32 s33 0 s35 0
s41 0 0 s44 0 s46
0 s52 s53 0 s55 0
s61 0 0 s64 0 s66

, (17)
where s11(ω) = 1 − κχ11(ω), s14(ω) = √κγmχ14(ω), s16(ω) =√
κγdχ16(ω), s22(ω) = 1 − κχ22(ω), s23(ω) = √κγmχ23(ω),
s25(ω) =
√
κγdχ25(ω), s32(ω) =
√
κγmχ32(ω), s33(ω) =
1 − γmχ33(ω), s35(ω) = √κγdχ35(ω), s41(ω) = √κγmχ41(ω),
s44(ω) = 1 − γmχ44(ω), s46(ω) = √γmγdχ46(ω), s52(ω) =√
κγdχ52(ω)s53(ω) =
√
γmγdχ53(ω), s55(ω) = 1 − γdχ55(ω),
s61(ω) =
√
κγdχ61(ω), s64(ω) =
√
γmγdχ64(ω), and s66(ω) =
1 − γdχ66(ω).
Note that the stability of the system can be determined from
the poles of the susceptibility matrix χ(ω) [48]. In order to
keep the system in the stable regime, and for avoiding mode-
splitting the poles should lie in the lower half-plane on the
imaginary axis.
A. gain, added noise and amplification
Using the scattering matrix (17) together with the
symmetrized correlator which is defined as S¯ outAB(ω) =
1
2 〈Aˆout(ω)Bˆout(−ω) + Bˆout(−ω)Aˆout(ω)〉, one can calculate the
amplified quadratures of the optical , mechanical, and Bogoli-
ubov modes, respectively, as follows
S¯ outPP,a(ω)
Ga(ω) = (n¯
T
a +
1
2
) + n¯(amp)add,a (ω), (18a)
S¯ outXX,m(ω)
Gm(ω) = (n¯
T
m +
1
2
) + n¯(amp)add,m(ω), (18b)
S¯ outXX,d(ω)
Gd(ω) = (n¯
T
d +
1
2
) + n¯(amp)add,d (ω), (18c)
where Ga(ω) = |1 − κχ22(ω)|2 and Gm(d)(ω) = |1 −
γm(d)χ33(55)(ω)|2 are the frequency-dependent gains. Also, the
5amplifier-added noises are given by
n¯(amp)add,a (ω)=κG−1a (ω)
[
(n¯Tm+
1
2
)γm|χ23(ω)|2+(n¯Td+
1
2
)γd |χ25(ω)|2
]
,
(19a)
n¯(amp)add,m(ω)=γmG−1m (ω)
[
(n¯Ta+
1
2
)κ|χ32(ω)|2+(n¯Td+
1
2
)γd |χ35(ω)|2
]
,
(19b)
n¯(amp)add,d (ω)=γdG−1d (ω)
[
(n¯Ta+
1
2
)κ|χ52(ω)|2+(n¯Tm+
1
2
)γm|χ53(ω)|2
]
.
(19c)
On-resonance (ω = 0), the optical, mechanical and Bogoli-
ubov gains,
√G j ≡ Q j/P j with j = a,m, d, can be simplified
as
√
Ga =
C0 − (1 − ξm) + C1 1−ξm1−ξd
C0 + (1 − ξm) + C1 1−ξm1−ξd
, (20a)
√
Gm =
C0 − (1 + ξm) − C1 1+ξm1−ξd
C0 + (1 − ξm) + C1 1−ξm1−ξd
, (20b)
√
Gd =
C1 − (1 + ξd) − C0 1+ξd1−ξm
C1 + (1 − ξd) + C0 1−ξd1−ξm
. (20c)
As is evident from Eqs. (20b) and (20c) under the replace-
ments C0 ↔ C1 and ξm ↔ ξd, one has Gm ↔ Gd. Moreover,
on-resonance amplifier-added noises are given by
n¯(amp)add,a (0) = (1−
1√Ga
)2
[
(
1
2
+ n¯Tm)
C0
(1 − ξm)2 +(
1
2
+n¯Td )
C1
(1 − ξd)2
]
,
(21a)
n¯(amp)add,m(0) =
4C0
Q2m
[
(n¯Ta +
1
2
) + (n¯Td +
1
2
)
C1
(1 − ξd)2
]
, (21b)
n¯(amp)add,d (0) =
4C1
Q2d
[
(n¯Ta +
1
2
) + (n¯Tm +
1
2
)
C0
(1 − ξm)2
]
. (21c)
From Eqs.(21a)-(21c) one finds that for each of the three
modes (optical, mechanical, and Bogoliubov modes) the cor-
responding added noise includes the contributions originat-
ing from the noises of the two other modes. Moreover, as
is evident, under the replacements C0 ↔ C1, ξm ↔ ξd, and
n¯Tm ↔ n¯Td not only the optical added noise n¯(amp)add,a (0) is invari-
ant, but also n¯(amp)add,m(0) ↔ n¯(amp)add,d (0). This indicates the sym-
metric roles of the mechanical and Bogoliubov modes in on-
resonance optical added noise.
Interestingly, although our system is very complicated com-
pared to a standard DPA but we will show that all added
noises can be vanished (analogous to what happens in an ideal
DPA) by controlling cooperativities and modulation parame-
ters through the atomic collisions frequency and mechanical
spring coefficient. On the other hand, it has been shown [77]
that suppression of the mechanical thermal noise contribution
to the optical added noise is achievable in the dissipative op-
tomechanical amplification scheme.
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FIG. 2. (Color online) On-resonance logarithm of (a) the optical
and (b) the mechanical gain vs ξm/ξmaxm for different values of opto-
atomic cooperativity C1 and atomic parametric drive ξd. Here, the
optomechanical cooperativity is fixed to be C0 = 102.
It should be noted that the added noise suppression in the
present system is different from that of a simple optomechan-
ical amplifier realized by driving an optomechanical cavity on
its blue sideband regime which corresponds to the two-mode
squeezing interaction. In fact, in a DPA the mechanical noise
is not cooled, and can represent a significant source of added
noise for the amplifier. Surprisingly, we will show that, one
can achieve simultaneously large gains corresponding to the
amplifier together with suppressed added noises by control-
ling the modulation parameters and cooperativities. In other
words, we show that the scattering matrix can be controlled
by the system parameters in order to behave as a noiseless
quantum-limited phase-sensitive amplifier (n¯(amp)add, j → 0 and
G j  1) [75] for each subsystem, in which the noiseless am-
plified subsystem is entirely decoupled from the other subsys-
tems.
Figure (2) shows the on-resonance logarithm of optical
and mechanical gains versus normalized effective mechanical
paramp, ξm/ξmaxm , for different values of cooperativity, C1, and
effective atomic paramp, ξd. As is seen from Fig. 2(a), in the
absence of the BEC (blue dashed line) or in its presence with
no atomic parametric drive (red solid thick line), there is no
optical gain except for ξm ≈ ξmaxm . On the other hand, in the
presence of the BEC and with turning on atomic paramp one
can obtain a considerable gain for some specified values of the
mechanical driving. Especially, in the largely different coop-
erativities regime, i.e., C0  C1 (black thin line), the optical
gain shows a high peak at ξm ≈ 0.9ξmaxm .
The mechanical gain Gm has been shown in Fig. 2(b). Just
like what observed for the optical gain, in the absence of the
BEC (blue dotted line) or in its presence with no atomic para-
metric drive (red dashed line), there is no mechanical gain
except for the limit of ξm → ξmaxm . However, by turning on the
atomic paramp (ξd , 0), for C1 ≥ C0 (black solid thick and
green solid thin lines), one can have much larger mechanical
gain in comparison to what obtained in Ref. [48] (blue dotted
line). Therefore, one of the advantages of the present system
in comparison to the one studied in Ref. [48], where the cav-
ity contains no BEC, is the capability of obtaining high optical
and mechanical gains by controlling the atomic parameters.
The appearance of the peaks in the optical and mechanical
gains can be explained in terms of the set of Eqs. (20a)-(20c).
Here, it should be noted that when the denominators go to
zero, i.e., P j → 0, one can have large gains (G j → ∞) while
if the numerators become zero, i.e., Q j → 0, the gains go
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FIG. 3. (Color online) (a) and (c) show the on-resonance optical and
mechanical added noises (n¯(amp)add,a (0) and n¯
(amp)
add,m(0)), respectively, and
(b) and (d) show the on-resonance optical and mechanical amplified
quadratures spectra, S¯ outPP,a(0) and S¯
out
XX,m(0), respectively, vs optome-
chanical cooperativity C0 for different values of C1, rm = ξm/ξmaxm and
rd = ξd/ξmaxd . Here, n¯
T
m = 100 and n¯
T
a = n¯
T
d ' 0.
to zero. For example for the optical gain, generally ξm →
ξ
(p,a)
m and ξm → ξ(Q,a)m correspond, respectively, to the large
and weak gains in which ξ(p,a)m = 1 +C0(1− ξd)/[C1 + (1− ξd)]
and ξ(Q,a)m = 1 +C0(1− ξd)/[C1− (1− ξd)] are, respectively, the
zeros of the denominator and numerator of the optical gain.
As is evident one always has ξ(P,a)m ≤ ξ(Q,a)m ≤ ξmaxm = 1 + Cm,
and that is why the optical gain in the presence of the atomic
paramp is not always a monotonous increasing function of the
mechanical paramp ξm.
Figure (3) shows the on-resonance added-noises and ampli-
fied quadratures spectra versus optomechanical cooperativity,
C0, for different values of C1, rm = ξm/ξmaxm and rd = ξd/ξmaxd .
In each panel the red line indicated by 1 corresponds to the
case studied in Ref. [48] where there is no BEC in the cavity
while the mechanical oscillator is modulated. As is seen, in
such a system the optical added noise is very low [Fig. 3(a)]
but due to the mechanical modulation the the P-quadrature
of the optical field is effectively amplified [Fig. 3(b)]. On
the other hand, the black line indicated by 2 shows the situ-
ation where the cavity contains a BEC but both the mechan-
ical and atomic modulations are turned off (off-mods). Al-
though in this case the optical and mechanical added noises
are low [Fig. 3(a) and 3(c)] but there is no amplification in the
P-quadrature of the optical field [Fig. 3(b)].
More interestingly, for the system equipped with a BEC
with both the mechanical and the atomic modulations turned
on [the green lines indicated by 4 in Fig. (3)] the high-
est optical and mechanical amplification can be achieved
[Figs. 3(b) and 3(d)] while the optical and mechanical added
noises are still low enough [Figs. 3(a) and 3(c)]. This situa-
tion is achieved in the largely different cooperativities regime
(|C1 − C0|  1) with weak opto-atom cooperativity (C1 < 1).
In order to see the destructive effect of large values of opto-
atomic cooperativity, one can compare the lines indicated by 3
and 5 which represent similar conditions with different opto-
atomic cooperativities C1 . As is seen, the increase of opto-
atomic cooperativity leads to substantial increase in both the
optical and the mechanical added noises while it does not
much help to the amplifications.
Finally, it should be mentioned that here we have left out the
investigation of the atomic amplification and its added noise
since, if C1 ↔ C0 and ξd ↔ ξm, the same results can be
obtained for the atomic added noise and atomic amplification.
B. controllable gain-bandwidth
In the previous subsection leaving out the frequency depen-
dence of the added-noise and quadratures amplification, we
studied the details of their on-resonance behaviors [Fig. (3)].
In this subsection we are going to consider the gain-bandwidth
limitation in our system, i.e., the full-width at half maximum
(FWHM) of the amplified quadratures (the elements |s j j[ω]|2
in Eq. (17) with j = 2, 3, 5) specially the optical amplification
bandwidth. To determine the amplifier bandwidth, we con-
sider the s-matrix elements as s j j[ω] ∝ 1/Dg[ω] where Dg[ω]
is a cubic function of ω, i.e., Dg[ω] = iω3 + aω2 + bω+ c with
the coefficients given by
4b ≈ κγm(C0 + 1 − ξm) + κγd(C1 + 1 − ξd) + γ¯2ξmξd,
c ≈ κγ¯
2
8
[C0(1 − ξd) + C1(1 − ξm) + 1 + ξmξd − ξm − ξd] ,
−2a ≈ κ + γm(1 − ξm) + γd(1 − ξd), (22)
where γ¯ =
√
γmγd. In order to find the FWHM one should
solve for the equation Dg[δω] = 2Dg[0]. Under the conditions
ξd = 0 and ξm → ξmaxm = 1 + C0/(1 + C1) one can show
straightforwardly that c → 0, therefore the gain-bandwidth
can be easily calculated as follows
∆ωg = −−2ba =
κγm(C0 + 1 − ξm) + κγd(C1 + 1)
κ + γm(1 − ξm) + γd . (23)
Here, one can ignore γd because in the normal dissipation
regime γd  κ. Moreover, in the limit of large optical gain
(
√Ga  1) which corresponds to ξm → ξmaxm , the gain-
bandwidth can be written in terms of the optical gain as fol-
lows
∆ωg
√
Ga =2C0γm
1−
√Ga
2C0
[
C1(1 − ξm) − γd
γm
(1 + C1)
]
1 − γm
κ
[C0 + C1(1 − ξm)] ,(24)
where 2C0γm = 8g2/κ. In the weak coupling regime ( g,G 
κ) the gain-bandwidth takes the form
∆ωg ≈ 8g
2
κ
[
1√Ga
+
C1
2C0 (ξm − 1) +
γd
γm
(1 + C1)
2C0
]
. (25)
As is seen from Eq. (25), in the large gain limit and weak
atomic modulation, i.e., ξd ≈ 0, the gain-bandwidth can be
controlled by the ratios g/κ, γm/γd, the ratio of cooperativi-
ties C1/C0 and also by the mechanical parametric drive ξm. In
7Eq. (25), the second and third terms in the brackets which are
due to the presence of the Bogoliubov mode of the BEC, have
no counterparts in the bare optomechanical system studied in
Ref. [48]. The presence of these terms can provide more con-
trollability on the gain-bandwidth of the present hybrid sys-
tem through the BEC parameters. Furthermore, the presence
of the BEC increases the gain-bandwidth which can be con-
sidered as another advantage of our optomechanical amplifier.
Note that ξd can be controlled by ωsw and  while ξm can be
controlled via δk.
V. QUADRATURES SQUEEZING SPECTRA
Quadratures squeezing spectra can be investigated by com-
plementary amplified quadratures which are given by
S¯ outXX,a(ω)
1/2
= (2n¯Ta + 1)|1 − κχ11(ω)|2
+(2n¯Tm + 1)κγm|χ14(ω)|2+(2n¯Td + 1)κγd |χ16(ω)|2, (26a)
S¯ outPP,m(ω)
1/2
= (2n¯Tm + 1)|1 − γmχ44(ω)|2
+(2n¯Ta + 1)κγm|χ41(ω)|2+(2n¯Td + 1)γmγd |χ46(ω)|2,(26b)
S¯ outPP,d(ω)
1/2
= (2n¯Td + 1)|1 − γdχ66(ω)|2
+(2n¯Ta + 1)κγd |χ61(ω)|2+(2n¯Tm + 1)γmγd |χ64(ω)|2.(26c)
The on-resonance (ω = 0) output squeezing spectra are given
by
S¯ outXX,a(0)
1/2
= (1 + 2n¯Ta )
(
1 − 2
ηa
)2
+(1 +2n¯Tm)
4C0
(1 +ξm)2
1
η2a
+(1+2n¯Td )
4C1
(1 + ξd)2
1
η2a
, (27a)
S¯ outPP,m(0)
1/2
=
1
s2m
[
(1 + 2n¯Tm)η
2
m + 4C0(1 + 2n¯Ta )
+
4C0C1
(1 + ξd)2
(1 + 2n¯Td )
]
, (27b)
S¯ outPP,d(0)
1/2
=
1
s2d
[
(1 + 2n¯Td )η
2
d + 4C1(1 + 2n¯Ta )
+
4C1C1
(1 + ξm)2
(1 + 2n¯Td )
]
, (27c)
with
ηa = 1 +
C0
1 + ξm
+
C1
1 + ξd
, (28a)
ηm(d) = C0(1) + ξm(d) − 1 + C1(0) ξm(d) − 11 + ξd(m) , (28b)
sm(d) = C0(1) + 1 + ξm(d) + C1(0) 1 + ξm(d)1 + ξd(m) . (28c)
Squeezing occurs if the right-hand sides of Eqs. (26a)-(26c)
(or Eqs. (27a)-(27c)) become smaller than unity. In addition to
the degree of squeezing which is characterized by the quadra-
ture spectrum, the purity or impurity of squeezing is another
important feature. The impurity of output squeezing spectrum
can be characterized by the effective thermal occupancy [48]
which is given by ( j = a,m, d)
(n¯outeff, j[ω]+
1
2
)2 = S¯ outXX, j[ω]S¯
out
PP, j[ω] − S¯ outXP, j[ω]S¯ outPX, j[ω], (29)
where the cross correlations are given by
S¯ outXP,a[ω] = S¯
out
PX,a[ω] = −
1
2
Im
[
(1 − κχ11(ω))(1 − κχ∗22(ω))
+κγmχ23(ω)χ∗14(ω) + κγdχ25(ω)χ
∗
16(ω)
]
, (30a)
S¯ outXP,m[ω] = S¯
out
PX,m[ω] = −
1
2
Im
[
(1 − γmχ33(ω))(1 − γmχ∗44(ω))
+γmκχ41(ω)χ∗32(ω) + γmγdχ35(ω)χ
∗
46(ω)
]
, (30b)
S¯ outXP,d[ω] = S¯
out
PX,d[ω] = −
1
2
Im
[
(1 − γdχ55(ω))(1 − γdχ∗66(ω))
+γdκχ61(ω)χ∗52(ω) + γdγmχ53(ω)χ
∗
64(ω)
]
. (30c)
It can be easily shown that in on-resonance (ω = 0) the cross
correlations become zero, i.e., S¯ outxp, j[0] = 0, which is because
of the RWA. It should be noted that the impurity n¯outeff, j[ω] for
any pure state of the output mode will be zero, and for a ther-
mal state will be equal to the actual thermal occupancy of that
mode [48]. In the following, we will show how our system
has the potential to achieve simultaneously perfect squeezing
with high purity.
A. quadrature squeezing of the output cavity field
Let us show how we can overcome the decoherence effects
in order to achieve perfect squeezing for the cavity output
field. As can be seen from Eq. (27a), in the limit ηa → 2
the contribution of the optical noise in the on-resonance out-
put optical squeezing spectrum vanishes and thus
S¯ outXX,a(0)
1/2
→ (1 +2n¯Tm)
C0
(1 +ξm)2
+(1+2n¯Td )
C1
(1 + ξd)2
. (31)
It is easy to verify that in the absence of atomic modulation
(ξd = 0) together with strong mechanical driving such that
ξm → ξa,maxm,sq = [(1 +C1)ξmaxm − 2]/(1−C1), the limit ηa → 2 is
achievable. Under such conditions, we get
S¯ outxx,a(0)
1/2
→ (1 − C1)2 (1 +2n¯
T
m)
C0 +C1(1+2n¯
T
d ). (32)
As is seen from Eq. (32), in the regime of C1  1 and
C0  1 (i.e., the regime of largely different cooperativi-
ties), and when n¯Td is negligibly small [59, 60], the squeez-
ing of the on-resonance cavity output quadrature Xˆout(0) be-
low zero-point is set by the ratio n¯Tm/C0 . This means that
significant degree of squeezing can be achieved by ground
state cooling of the MO. However, in the limit n¯Tm  C0,
which corresponds to the regime of strong optomechanical
coupling between the MO and the intracavity field, i.e., when
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FIG. 4. (Color online) (a) Squeezing and (b) purity of the output
cavity field on-resonance vs optomechanical cooperativity C0 in the
absence of atomic modulation (ξd = 0) for different values of ξm and
C1. The lines marked by 1, 2, 3, and 4 correspond, respectively, to
the cases (ξm = 0,C1 = 10−2), (ξm = 0.6ξmaxm ,C1 = 10−1), (ξm =
0.6ξmaxm ,C1 = 10−2), and (ξm = 0.8ξmaxm ,C1 = 10−2). Here, we have
set n¯Tm = 100 and n¯
T
a = n¯
T
d = 0.
g2  κγm4 kBTm~ωm , one can achieve strong output field squeezing
which is robust against thermal noises. It should be mentioned
that interchanging the mechanical and the Bogoliubov modes
(ξm ↔ ξd,C0 ↔ C1, n¯Tm ↔ n¯Td ) leaves the results unchanged.
In Figs. (4a) and (4b) we have plotted, respectively, the
degree of squeezing of the output cavity field on-resonance
(−10 log10 2S¯ outXX,a(0) , in dB unit) and its purity (n¯outeff,a(0)) ver-
sus the optomechanical cooperativity C0 in the absence of
atomic modulation (ξd = 0) for different values of ξm and C1
(C1  1). As is evident, in the largely different cooperativi-
ties regime (|C0 − C1|  1), one can beat the 3dB limit (50%
squeezing) through the increase of mechanical modulation
amplitude (ξm) without losing the purity of squeezing. Also,
by increasing the difference between cooperativities both the
degree of squeezing and its purity increase. However, in spite
of the cavity squeezing enhancement, its purity decreases a
little bit with increasing the mechanical modulation.
In fact, there is a competition between the maximum
achievable squeezing and its purity which can be controlled
by the difference between the cooperativities and the effec-
tive amplitude of the mechanical modulation ξm. This trade-
off can be interpreted as follows: while heating the MO and
BEC via the coherent modulation they are cooled by the in-
tracavity light field through the radiation pressure in the red-
detuned regime. These phononic fluctuations are transferred
into the P-quadrature of the light field via the optomechanical
coupling and therefore that trade-off originating from cooling
and heating of the BEC and MO is induced into the cavity
output-field squeezing and its purity.
It should be noted that the maximum achievable squeezing
can be even more than 16 dB which never occurs in the stan-
dard OMSs. On the other hand, as can be seen from Fig. (4),
the generated squeezing of the output cavity field and its pu-
rity are robust to the mechanical thermal noises. Moreover,
the high degree of optical squeezing in our system can be at-
tributed to the induced frequency-dependent squeezing [see
Eq. (12a)] because of the cavity field interaction with BEC
and MO in the presence of the external modulations of the
MO and atomic collisions.
B. quadrature squeezing of the mechanical phonons
Here, we show that in the present hybrid optomechanical
system one can achieve perfect quadrature squeezing of the
phononic mode of the MO or of the BEC with mediocre purity
via controlling the atomic or mechanical modulation as well as
cooperativities such that both conditions ηm → 0 and sm  1
are satisfied.
To this end, we consider two special cases: (i) no atomic
collisions modulation (ξd = 0) and (ii) no mechanical fre-
quency modulation (ξm = 0). In the first case, if ξm → 2−ξmaxm
then according to Eqs. (28b) and (28c), ηm → 0 and sm →
2(1 + C1). Therefore in the limit of large opto-atomic coop-
erativity (C1  1) one has sm  1 , and consequently the
squeezing of the on-resonance P-quadrature of the MO below
zero-point [Eq. (27b)] reads as
S¯ outPP,m(0)
1/2
→ C0C21
(1 + 2n¯Ta ) +
C0
C1 (1 + 2n¯
T
d ), (33)
which shows that for C0  C1 together with n¯Ta = n¯Td ≈ 0, one
can achieve high degree of mechanical P-quadrature squeez-
ing much above the standard quantum limit of 3dB limit. On
the other hand, in the second case, i.e., ξm = 0, if ξd →
[(1 + C0)ξmaxd − 2C0]/(C0 − 1) = (C1 + 1 − C0)/(C0 − 1) (withC0 > 1 and C1 > C0 − 1) then ηm → 0 and sm → 2C0. In this
case, we get
S¯ outPP,m(0)
1/2
→ (1 + 2n¯
T
a )
C0 +
C0 − 1
C1 (1 + 2n¯
T
d ), (34)
which clearly shows that the squeezing of the P-quadrature
of the MO can be significantly enhanced by requiring C1 
C0  1. Note that in both cases the perfect mechanical
squeezing can be achieved in the largely different coopera-
tivities regime (|C0 − C1|  1). It should be mentioned that
because of the symmetry between the two phononic modes,
i.e., mechanical and Bogoliubov modes, the same results can
be obtained for the Bogoliubov-type phonon squeezing with
the replacements C0 ↔ C1 and ξm ↔ ξd.
Figure (5) shows the on-resonsnce mechanical P-
quadrature squeezing and its impurity versus opto-atomic co-
operativity C1 in the red-detuned and weak coupling regimes.
As is seen, there is no mechanical squeezing in the absence of
modulations [brown line indicated by off-modulations] while
the squeezing is generated as soon as the modulations are
turned on and increases rapidly by increasing the opto-atomic
cooperativity C1 so that it surpasses the 3 dB limit in the
largely different cooperativities regime. On the other hand,
case (i), i.e., off-atomic modulation with large mechanical
parametric drive leads to much more degree of squeezing than
case (ii), i.e., off-mechanical modulation with large atomic
parametric drive (compare lines 1 and 2 with lines 3 and 4
in Fig. 5(a).
Moreover, by increasing the difference between the coopra-
tivities the impurity increases [Fig. 5(b)]. In the regime of
large parametric drive, since n¯outeff,m[0] ∼ n¯Tm, one can conclude
that the state of the MO is a thermal squeezed state which
is in agreement with explanations given in Refs. [30, 78, 79]
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FIG. 5. (Color online) (a) On-resonance mechanical squeezing,
−10 log 2S¯ outPP,m(0), and (b) on-resonance mechanical impurity of
state, n¯outeff,m[0], vs opto-atomic cooperativity C1. The brown lines cor-
respond to the off-modulations (ξm = ξd = 0) for C0 = 100. The
black and blue lines, respectively, indicated by 1 and 2 correspond
to the case (i) in the text, i.e., off-atomic modulation ξd = 0, for
C0 = 100 and C0 = 200, respectively. The red and green lines, re-
spectively, indicated by 3 and 4 correspond to the case (ii) in the text,
i.e., off-mechanical modulation ξm = 0, for C0 = 200 and C0 = 100,
respectively. Here, we have set n¯Tm = 100 and n¯
T
a = n¯
T
d = 0.
based on the collective mode in which two phononic subsys-
tems evolve to a collective Bogoliubov mode as a thermal-
squeezed and entangled state. In other words, the generated
controllable strong mechanical squeezing reflects to overcome
of the noise amplification in the X-quadratures of the MO and
BEC to the noise suppression in the P-quadratures of the MO
and BEC.
It should be pointed out that in spite of the standard pon-
deromotive squeezing which is maximized in the unresolved
sideband regime or bad-cavity limit (κ  ωm), our system op-
erates in the weak couplings, resolved-sideband (good-cavity
limit) regimes (g,G < κ  ωm ≈ ωd) where very high degree
of squeezing (up to 75 dB) is achievable in the red detuned
and largely different cooperativities regimes. Nevertheless,
the standard ponderomotive squeezing mechanism can lead to
higher purities than those obtained in our proposed scheme.
Moreover, in the present scheme the squeezed quadrature an-
gle can be controlled through the phases of mechanical and
atomic modulations (φm and φd), while in the ponderomotive
approach the squeezing angle is dependent on frequency. Fur-
thermore, the squeezing bandwidth in our system can be con-
trolled by cooperativities, g,G/κ, and γm/γd. In comparison
to Ref. [48], the additional coupling to the atomic BEC in the
presence of atomic collisions frequency modulation lead to
increase of the gain-bandwidth [see Eq. (25)] which can be
considered as an advantage of our proposed system.
Finally, we should emphasize that the present scheme is ex-
perimentally feasible because it is compatible with the exper-
imental data applied in Refs.[59, 60] as has been shown in
our previous theoretical papers [30, 67, 68]. For this purpose,
one can consider N = 105 Rb atoms inside an optical cavity of
length L = 178µm with bare frequencyωc = 2.41494×1015Hz
corresponding to a wavelength of λ = 780nm and damping
rate κ = 2pi × 1.3MHz. The atomic D2 transition correspond-
ing to the atomic transition frequency ωa = 2.41419× 1015Hz
couples to the mentioned mode of the cavity. The atom-field
coupling strength g0 = 2pi×14.1MHz and the recoil frequency
of the atoms is ωR = 23.7KHz. The movable end mirror
can be assumed to have a mass of m = 10−9g and damping
rate of γm = 2pi × 100Hz which oscillates with frequency
ωm = 105Hz. Besides, the coherent modulation of the me-
chanical spring coefficient of the MO and also the time modu-
lation of the s-wave scattering frequency of atom-atom inter-
action of the BEC can be realized experimentally as have been
reported, respectively, in [47] and [74].
VI. CONCLUDING REMARKS
In summary, we have theoretically proposed and investi-
gated a feasible experimental scheme to generate controllable
strong quadrature squeezing and noiseless phase-sensitive am-
plification in a hybrid optomechanical cavity containing an
interacting cigar-shaped atomic BEC in the red-detuned and
weak coupling regimes through coherent modulations of the
atomic collisions frequency of the BEC and of the mechanical
spring coefficient of the MO.
We have shown that by controlling the system parameters
such as the amplitudes of modulations and cooperativities, the
X−quadrature of the cavity mode and the P−quadrature of the
MO/BEC can be strongly squeezed (up to 16 dB and 75 dB
for the output cavity field and the MO, respectively) in the
largely different cooperativities regime with large amplitude
of modulations which never occurs in the red-detuned regime
of standard cavity optomechanics. Moreover, the output cav-
ity field is squeezed with considerable amount of purity while
the squeezing of the MO/BEC is a thermal-like squeezed state.
Furthermore, we have shown that the generated squeezings in
the subsystems are robust against the thermal noises.
On the other hand, by analyzing the complementary
quadratures we have shown that the P−quadrature of the
cavity mode and the X−quadrature of the MO/BEC can be
strongly amplified with simultaneous suppression of added-
noises, i.e., noiseless phase-sensitive quantum amplifications.
What we should mention as another advantageous feature of
the present system is the controllability of the gain-bandwidth
and the possibility of increasing it through the modulation of
the s-wave scattering frequency of the BEC which is experi-
mentally controllable by the transverse trapping frequency.
Appendix A: definition of the elements of the susceptibility
matrix of Eq. (14)
In Eq. (14), the matrix elements χi j(ω) are given by
10
χ11(ω) =
[
χ−10 (ω) + g
2χ+m +G2χ+d(ω)
]−1
; χ14(ω) = −g
[
χ−10 (ω)χ
−1
+m(ω)+ g
2+G2χ+d(ω)χ−1+m(ω)
]−1
,
χ16(ω) = G
[
χ−10 (ω)χ
−1
+d(ω)+G
2+ g2χ+m(ω)χ−1+d(ω)
]−1
; χ22(ω) =
[
χ−10 (ω) + g
2χ−m +G2χ−d(ω)
]−1
,
χ23(ω) = g
[
χ−10 (ω)χ
−1
−m(ω)+ g
2+G2χ−d(ω)χ−1−m(ω)
]−1
; χ25(ω) = −G
[
χ−10 (ω)χ
−1
−d(ω)+G
2+ g2χ−m(ω)χ−1−d(ω)
]−1
,
χ32(ω) = −g
[
χ−10 (ω)χ
−1
−m(ω) + g
2 +G2χ−d(ω)χ−1−m(ω)
]−1
; χ33(ω) =
1 +G2χ0(ω)χ−d(ω)
χ−1−m(ω) + g2χ0(ω) +G2χ0(ω)χ−d(ω)χ−1−m(ω)
,
χ35(ω) =
gG
χ−10 (ω)χ
−1−m(ω)χ−1−d(ω) +G2χ
−1−m(ω) + g2χ−1−d(ω)
; χ41(ω) = g
[
χ−10 (ω)χ
−1
+m(ω) + g
2 +G2χ+d(ω)χ−1+m(ω)
]−1
,
χ44(ω) =
1 +G2χ0(ω)χ+d(ω)
χ−1+m(ω) + g2χ0(ω) +G2χ0(ω)χ+d(ω)χ−1+m(ω)
; χ46(ω) =
gG
χ−10 (ω)χ
−1
+m(ω)χ−1+d(ω) +G2χ
−1
+m(ω) + g2χ−1+d(ω)
,
χ52(ω) = G
[
χ−10 (ω)χ
−1
−d(ω) +G
2 + g2χ−m(ω)χ−1−d(ω)
]−1
; χ53(ω) =
gG
χ−10 (ω)χ
−1−m(ω)χ−1−d(ω) +G2χ
−1−m(ω) + g2χ−1−d(ω)
,
χ55(ω) =
1 + g2χ0(ω)χ−m(ω)
χ−1−d(ω) +G2χ0(ω) + g2χ0(ω)χ−m(ω)χ
−1
−d(ω)
; χ61(ω) = −G
[
χ−10 (ω)χ
−1
+d(ω) +G
2 + g2χ+m(ω)χ−1+d(ω)
]−1
,
χ64(ω) =
gG
χ−10 (ω)χ
−1
+m(ω)χ−1+d(ω) +G2χ
−1
+m(ω) + g2χ−1+d(ω)
; χ66(ω) =
1 + g2χ0(ω)χ+m(ω)
χ−1
+d(ω) +G
2χ0(ω) + g2χ0(ω)χ+m(ω)χ−1+d(ω)
,
(A1)
with χ−10 (ω) = κ/2 − iω, χ−1±m(ω) = γm/2 ± λm − iω and
χ−1±d(ω) = γd/2 ± λd − iω. It is clear that χ0(−ω) = χ0(ω)∗
and χ±m,±d(−ω) = χ±m,±d(ω)∗, so χi j(−ω) = χi j(ω)∗.
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